We obtain the exact one-spin intrinsic localized excitation in an anisotropic Heisenberg ferromagnetic spin chain in a constant/variable external magnetic field with Gilbert damping included. We also point out how an appropriate magnitude spin current term in a spin transfer nano-oscillator (STNO) can stabilize the tendency towards damping. Further, we show how this excitation can be sustained in a recently suggested PT -symmetric magnetic nanostructure. We also briefly consider more general spin excitations.
I. INTRODUCTION
The study of dynamics of classical Heisenberg ferromagnetic spin chain with anisotropic interaction is of considerable importance in applied magnetism 1, 2 and from application point of view 3, 4 .
While several continuum versions are known to be completely integrable soliton systems [5] [6] [7] , such as the isotropic case, no discrete integrable case is known in the literature, except for a modified version, namely the Ishimori lattice 8 . On the other hand, the present authors 9 have shown the existence of several classes of exact solutions in terms of Jacobian elliptic functions which exist for the case of the discrete lattice including onsite anisotropy and external magnetic field. Identifying such interesting classes of solutions and their relevance in the context of appropriate physical situations constitute one of the important areas of investigation in spin dynamics 9, 10 .
From another point of view, occurrence of intrinsic localized breathers/oscillations in suitable anisotropic ferromagnetic spin chains is of practical relevance 11, 12 and is being explored for the past several years. Apart from many numerical studies, in recent times the present authors and Subash 13 have obtained explicit analytical solutions for the Heisenberg anisotropic spin chain with additional onsite anisotropy and constant external magnetic field corresponding to excitations of one, two and three spins and also investigated their stability. Additionally, relevant situations were pointed out where such excitations can be physically identified.
In recent times, one has also seen that at nanoscale level spin transfer nano-oscillator (STNO) 14, 15 , which essentially consists of a trilayer structure of two nanoscale ferromagnetic films separated by a non-ferromagnetic but conducting layer, can lead to switching of spin angular momentum directions and allow for the generation of microwave oscillations 16, 17 . The ferromagnetic film even when it is homogeneous is dominated by anisotropic interactions besides the presence of external magnetic fields (both dc and ac) and spin current terms. as to control the magnetization dynamics. We will also explore how the spin ILOs can be identified in these structures.
In this paper we deduce an explicit one-spin excitation in an anisotropic ferromagnetic lattice (without onsite anisotropy, to start with) in the presence of external magnetic field and explore the effect of spin current term to maintain the oscillatory nature of the spin excitation. We then point out how this can be generalized to more general spin excitations and in PT -symmetric nanostructures.
The organization of the paper is as follows. In Sec. 2 we deduce the dynamical equation for an anisotropic ferromagnetic spin in the presence of external magnetic field and set up the appropriate equation for a one-spin excitation in the presence of Gilbert damping. In Sec. 3, we deduce the explicit one-spin excitation including the damping effect and analyze how the spin excitation gets affected by the damping. In Sec. 4, we incorporate the spin current term and point out how an appropriate strength of spin current can off-set the effect of damping so as to control the spin oscillations. In Sec. 5, we point out how the above analysis can be extended to a PT -symmetric nanostructure. We briefly indicate how this study can be extended to consider more general spin excitations in Sec. 6. Finally in Sec. 7, we present our conclusions.
II. DYNAMICS OF THE ANISOTROPIC SPIN CHAIN AND ONE-SPIN EXCITATION
Considering the evolution of spins of a one-dimensional anisotropic Heisenberg ferromagnetic spin chain modeled by the Hamiltonian
where the spin components S n = (S 
Here A, B, and C are the exchange anisotropy parameters, D is the onsite anisotropy parameter and the external magnetic field H = (H, 0, 0) is chosen along the x-axis for convenience. By introducing the appropriate spin-Poisson brackets and deducing the LLG spin evolution equation one can obtain the equation for the spin lattice (1) as
where
and α is the Gilbert damping parameter. In component form Eq. (3) with Eq. (4) reads as
Now looking for the one spin excitation for (1) as
where we have used n to denote a general spin in the lattice and used i to specify the localized spin excitation, and redesignating (S
, the equation of motion (LLG equation) for the excited spin can be given as
Note that from Eqs. (9) - (11), one can check that
Next, further confining to the case where the onsite anisotropy vanishes, D = 0, we have the LLG equation for the one-spin excitation,
with the constraint
The system (13) - (15) can be exactly solved as shown below.
III. EXPLICIT ONE-SPIN EXCITATION
Now the above system of nonlinear differential equations can be straightforwardly solved. Integrating (14) we obtain
where c is an arbitrary constant. We also note that when α = 0, that is no damping, S (14) and differentiating once with respect to t on both sides to obtain (
, after making use of the forms of (dS (13) and (15), respectively, we have
so that
Also from (14) we can write
Equating the right hand sides of (18) and (19), we obtain
After a standard transformation and two integrations (as indicated in Appendix A), we can explicitly write the solution for S y 0 as
whereâ is an arbitrary constant. Also from (14) we have
Now in order to fix the constantâ we demand that the spin length constraint (S
be valid. This leads toâ
so that we have now the complete solution of the excited spin as
Note that the arbitrary constant corresponding to the undamped case (α = 0) iŝ
It is obvious from the above that for α = 0, S
, while S 
where h 0 , h 1 and ω are constants, we observe from the equations of motion of the spin components (13) - (15) , that H occurs always as a linear combination 2A + H(t) = (2A + h 0 + h 1 cos ωt).
Therefore by redefining the time (2A + H)t as
all the previous analysis goes through. The final spin excitations are of the same form as (24) - (26) but with the transformed time variable given by Eq. (29). 
IV. EFFECT OF SLONCZEWSKI SPIN CURRENT
Next we consider the influence of spin current term in a trilayer structured STNO (see Fig. 2 
d S
where H ef f is the effective field given by Eq. (4) and j is the magnitude of the spin current and the polarization vector S p is
corresponding to the flow of electrons in the x-direction. Consequently,
where (î,ĵ,k) form the unit orthonormal trihedral. As a result, the equations for the one-spin excitations get modified from (13) - (15) as
Now choosing the spin current as
one can check that dS
Consequently, the spin vector evolves as
whereâ =constant and Ω = (2A + H), and the effect of damping is exactly offset by the spin current term. Thus the spin current acts effectively as an "external magnetic field plus anisotropy" and the system can generate microwave oscillations. When j < α(2A + H), damping will overtake asymptotically and the spin will switch its direction.
V. PT -SYMMETRIC MAGNETIC DEVICE
Recently a class of synthetic magnetic nanostructures that makes use of the nature of loss/dissipation mechanism together with appropriate amplification (gain) process has been suggested by Lee, Kottos and Shapiro 19 to control magnetization dynamics. The suggested arrangement consists of two coupled nano-ferromagnetic films, n = 1, 2 (when separated by a spacer) in the presence of an external magnetic field along the x-axis, for example out-of-plane geometry (so that the z-axis is perpendicular to the films) as shown in Fig. 3 . Considering the effective instantaneous local fields as H 1ef f and H 2ef f for the two layers 1 and 2, respectively, associated with the homogeneous magnetization vectors
, we have the associated dynamical equations
where k is the ferromagnetic coupling and α is the damping/gain coefficient. Note that the combined systems (41)-(42) are invariant under the simultaneous changes of the variables S 1,2 → − S 2,1 , H 1,2 ef f → − H 2,1 ef f and t → −t, which may be treated as equivalent to combined PT -symmetry operation 19 . Now we choose the two layers such that
where S p = (1, 0, 0) is a fixed polarization vector. Equation (43) implies that S p is perpendicular to the plane of S 1 and S 2 . Then, similar to the analysis in Sec. 4, we can choose the ferromagnetic coupling k such that for simple anisotropy as in Eqs. (13) - (15) and external magnetic field H, we can choose
so that the gain/loss terms are exactly cancelled by the ferromagnetic coupling, leaving out
leading to spin oscillations and thereby to an effective control of magnetization oscillations.
VI. MORE GENERAL SPIN EXCITATIONS
One can consider more general localized spin excitations like two, three, etc. spin excitations.
For example, in the case of localized two-spin excitations,
we obtain the dynamical equations from (5) - (7) as
Note that the terms proportional to α are generalizations for the present two-spin excitation case compared to those given in Eqs. (9) - (11) . As such the system (48) -(53) does not seem to be analytically solvable. In Fig. 4 , we numerically integrate the system for both the undamped case (α = 0) and the damped case (α = 0) for nonzero D and present the solutions in the undamped and damped cases to show the existence of more general internal localized excitations. The analysis can be extended to even more general situations, which will be presented elsewhere.
VII. CONCLUSION
By looking at the simplest internal localized excitations in an anisotropic Heisenberg ferromagnetic spin chain in external magnetic field with additional Gilbert damping, we deduced the explicit solutions which characteristically show the effect of damping. Then applying a spin current in an STNO of appropriate magnitude, we pointed out how the tendency toward damping can be offset exactly and thereby sustaining the magnetic oscillations. Our prediction about a PT -symmetric STNO could be tested in magnetic multilayer structures with carefully balanced gain and loss. We have also pointed out how such controlled oscillations can be effected in a recently suggested nanomagnetic trilayer device. It will be insightful to observe these oscillations in appropriate magnetic systems experimentally. Finally, in a related context we note that nonreciprocal optical modes can exist at an interface between two PT -symmetric magnetic domains near a frequency corresponding to almost zero effective permeability 20 .
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